Abstract. Based on the E. Study's map, we study a timelike ruled surface as a curve on the hyperbolic dual unit sphere in dual Lorentzian 3-space D 3 1 . Then, as applications of the singularity theory of smooth functions, we define the notation of evolutes for timelike ruled surfaces and establish the relationships between their geometric invariants. Finally, an example of application is introduced and explained in detail.
Introduction
Despite its long history, the theory of surface is still one of the most important interesting topics in differential geometry and it is being study by many mathematicians until now. Among the surfaces, a ruled surface has been drawing attention to scientists as well as mathematicians because of its various application such as the study of design problems in spatial mechanisms and physics, kinematics and computer aided design (CAD). There exists a vast literature on the subject including several monographs, for example [1] [2] [3] [4] [5] [6] [7] .
Rather unexpectedly dual numbers have been applied to study the motion of a line space; they seem even be the most appropriate apparatus for this end. In screw and dual number algebra, the E. Study's map concludes: The set of all oriented lines in Euclidean 3-space E 3 is in one-to-one correspondence with set of points of the dual unit sphere in the dual 3-space D 3 . More details on the necessary basic concepts about the dual elements and the one-to-one correspondence between ruled surfaces and one-parameter dual spherical motions can be found in [7] [8] [9] [10] . If we take the Minkowski 3-space E [12] . Then a differentiable curve on H 2 + corresponds to a timelike ruled surface at E 3 1 . Similarly the timelike (resp. spacelike) curve on S 2 1 corresponds to any spacelike (resp. timelike) ruled surface at E 3 1 . Then, the study of ruled surfaces in the Minkowski 3-space is more interesting than the Euclidean case.
One of the main techniques for applying the singularity theory to Euclidean differential geometry is to consider the distance squared function and the height function on a submanifold of E 3 [13, 14] . There are some articles concerning singularities of surfaces and classical geometric invariants of space curves for several kinds of geometry [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . In these articles the corresponding functions depend on each geometry. In this paper, we consider the Lorentzian dual distance function on a dual curve in H 2 + . As an application of singularity theory to the Lorentzian dual height function, we detect the hyperbolic dual evolute and classify singularities of it. By the main result we showed that the hyperbolic dual evolute can be defined in the case when the dual geodesic curvature Σ = ±1. Then, applying to Study's map, we established the relationships between singularities of these subjects and geometric invariants of timelike ruled surface which are deeply related to the order of contact with evolutes. Finally, an example illustrates the application of the obtained formulae was introduced.
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Basic concepts
In this section we list some notions, formulas and conclusions for the theory of dual numbers and dual Lorentzian vectors (See for instance Refs. [1] [2] [3] [4] [8] [9] [10] [11] ). Let R 3 denote the vector space with its usual vector structure. We denote (x 1 , x 2 , x 3 ) the coordinates of a vector with respect to the canonical basis of R 3 . The three-dimensional Minkowski 3-space is the metric space E 3 1 = (R 3 , <, >), where the metric <, > is
which is called the Lorentzian metric. For any two vectors x = (x 1 , x 2 , x 3 ) and y = (y 1 , y 2 , y 3 ) of E 3 1 , the Lorentzian vector product is defined by
A vector x ∈ E 3 1 is said to be spacelike if < x, x >>0 or x = 0, timelike if < x, x ><0 and lightlike or null if < x, x >=0 and x = 0. A timelike or light-like vector in E 3 1 is said to be causal. We point out that the null vector x = 0 is considered of spacelike type although it satisfies < x, x >=0. For x ∈E 3 1 the norm is defined by x = |< x, x >|, then the vector x is called a spacelike unit vector if < x, x >=1 and a timelike unit vector if < x, x >= −1. Similarly, a regular curve in E 1 is defined by [8] [9] [10] [11] : Definition 1 i) Spacelike angle: Let x and y be spacelike vectors in E 3 1 that span a spacelike vector subspace; then we have |< x, y >| ≤ x y , and hence, there is a unique real number θ ≥ 0 such that < x, y >= x y cos θ. This number is called the spacelike angle between the vectors x and y. ii) Central angle: Let x and y be spacelike vectors in E 3 1 that span a timelike vector subspace; then we have |< x, y >| > x y , and hence, there is a unique real number θ ≥ 0 such that < x, y >= x y cosh θ. This number is called the central angle between the vectors x and y. iii) Lorentzian timelike angle: Let x be spacelike vector and y be timelike vector in E 3 1 . Then there is a unique real number θ ≥ 0 such that < x, y >= x y sinh θ. This number is called the Lorentzian timelike angle between the vectors x and y.
A ruled surface M in E 3 1 is a surface generated by a straight line L moving along a curve C(s). The various positions of the generating lines are called the rulings of the surface. Such a surface, thus, has a parametrization in the ruled form [1] [2] [3] [4] [5] [6] :
In this case the curve C = C(s) is the striction curve, and the parameter s is the arc length of the non-null spherical curve x = x(s). Let now excluding x is constant or null or x null. As usual Blaschke frame relative to x(s) will be defined as the frame of which this line and the central normal t(s) = x (s) to the ruled surface at the central point are two edges. The third edge g(s)= x×t is the central tangent to the ruled surface M . The frame { x = x(s), t(s) = x , g(s) = x × t} is called Blaschke frame. Then, we have
Therefore, the following Blaschke formulae hold:
where γ(s) = det(x , x , x) is the geodesic curvature function of the non-null spherical x(s). In terms of the Blaschke frame {x, t , g } with signs σ, η, −ση, the striction curve C can be reconstructed from
The functions γ(s), Γ(s) and µ(s) are called the curvature functions or construction parameters of the ruled surface. The geometrical meanings of these invariants are explained as follows: γ is the geodesic curvature of the spherical image curve x = x(s); Γ describes the angle between the tangent of the striction curve and the ruling of the surface; and µ is the distribution parameter of the ruled surface at the ruling x. Note that M is a timelike surface when (σ, η) = (±1, 1). In fact (σ, η) = (−1, −1) is impossible because of the causal character.
2.1. The E. Study's map. The set of dual numbers is
where ε = 0 is called the dual operator with the algebraic property of ε 2 = 0. Sums and products of dual numbers are well defined using the dual operator. Analogously, for all pairs (x,
together with the Lorentzian inner product
forms the dual Lorentzian 3-space D
The norm is defined by
The hyperbolic and Lorentzian dual unit spheres, respectively, are:
and
This yields
where F 1 , F 2 , and F 3 , are the base at the origin point 0 (0, 0, 0) of the dual Lorentzian 3-space D 3 1 . Via this, the E. Study's map can be stated as follows: The dual unit spheres are shaped as a pair of conjugate hyperboloids. The common asymptotic cone represents the set of null lines, the ring shaped hyperboloid represents the set of spacelike lines, and the oval shaped hyperboloid forms the set of timelike lines, opposite points of each hyperboloid represent the pair of opposite vectors on a line (see Fig. 1 ).
Figure 1
Timelike ruled surface as a dual curve
We use in this section the notations of the preceding section. The E. Study's map allows us to rewrite Eq. (2.3) by the dual vector function as:
where x * is the moment of x about the origin in E 
Then the dual parameter is determined such that dX dS = 1. So, we have
Therefore, we derive the dual Lorentzian form of the Blaschke frame equations in exactly the same way as in Eq. (2.5): 
We remark that B(S) is located in H 2 + if and only if Σ 2 > 1, otherwise it is in S 2 1 . Therefore, we consider a pseudo dual circle on H 2 + or S 2 1 is described by the equation 6) where R = ρ + ερ * is a dual spherical radius of curvature, and B 0 is a fixed dual unit vector which determines the pseudo dual circle's center. Then, we have the following proposition. 
Then B 0 = ±B iff Σ (S) = 0. Under this condition we put R =
1 is a part of pseudo dual circle whose center is B. Through the reminder of this work we will study a non-developable timelike ruled surface characterized by (σ, η) = (−1, 1) . Therefore, we have 8) and under the assumption that Σ 2 > 1, we also have:
In terms of the Blaschke frame, we can show that:
which imply ds dS = 1 − εµ.
Then, we determine Σ = Σ(S) by
This expression is further expanded using Eqs. (2.5) and (2.6) to yield dG dS
Comparing Eqs. (3.4) and (3.12) we see that Σ is defined in terms of γ, µ and Γ as:
Similar to the books in [14, 15] , a dual point B 0 of H 2 + will be said to be a B k evolute of the dual curve
Here X i denotes the i-th derivatives of X with respect to the dual arc length of X(S) in H 2 + . For the first evolute B of X(S), we have < B, X >= ± < B, T >= 0, and < B, X >= ± < B, X+ΣG >= 0. So, B is at least a B 2 evolute of X(S) ∈ H Then the following holds: 1-h e will be invariant in the first approximation iff B 0 ∈ Sp{X,G}, that is,
(3.14)
for some dual numbers A 1 , A 2 ∈ D, and A Proof. For the first differential of h e we get:
So, we get: 
3-Differentiation of Eq. (3.20) leads to:
Hence, we have:
h e = h e = h e = 0 ⇔ B 0 = ±B, Σ 2 > 1, and Σ = 0. (3.23) 4-By the similar arguments, we can also have: The proof is completed.
According to the above proposition, we have: (a) The osculating circle S(R, B 0 ) of X(S) in H 2 + is determined by the equations In this way, considering the evolutes of a general timelike ruled surface we can get a sequence of evolutes B 2 , B 3 , ...,B n . The properties and the relationship between these evolutes and their involute timelike surfaces are very interesting problems. For example, it is easy to see that when B 0 = ± B, and Σ = 0, M is traced during a Lorentzian screw motion about B 0 , by the line X located at R =const. relative to B 0 .
Unfoldings of dual functions of one variable
In this section we will use the same technique on the singularity theory for families of dual smooth functions. Detailed descriptions are found in the books [11, 12] . Let F : (D × D r , (S 0 , X 0 )) → D be a dual smooth function, and F(S) = F X0 , F X0 (S) = F (S, X 0 ). Then F is called an r-parameter dual unfolding of F(S). We say that F(S) has A k singularity at S 0 if F (p) (S 0 ) = 0 for all 1 ≤ p ≤ k, and F (p+1) (S 0 ) = 0. We also say that F(S) has A ≥k singularity at
Let the (k − 1)-jet of the partial derivative ∂F ∂Xi at S 0 be j The bifurcation dual set B F of F is the set [11, 12] :
Then similar to [11] , we state the following theorem:
, which has the A k singularity (k ≥ 1) at S 0 . Suppose that F is a (p) versal dual unfolding Then:
For the dual curve X(S) ∈ H 2 + , with Σ 2 > 1, and h e (S) = H T (S, B 0 ), the bifurcation dual set of H T is given as follows:
Hence, we have the following fundamental proposition: Proposition 3. For the dual unit speed curve X(S)= (X 1 (S),X 2 (S), X 3 (S)) on H 2 + , with Σ(S 0 ) = 0 and
We also have
Let B 0 = (Z 10 ,Z 20 , Z 30 ) ∈ H 2 + , and assume Z 30 = 0, then
; (4.10) Suppose that the rank of the matrix A is zero, then we have:
Since X (S 0 ) = T(S 0 ) = 1, we have X 3 (S 0 ) = 0, so that we have the contradiction as follows:
Therefore rank (A) = 1, and H T is the (p) versal dual unfolding of h e at S 0 . (ii) If h e0 (S 0 ) has the A 3 -singularity at S 0 ∈ D, then h e0 (S 0 ) = h e0 (S 0 ) = 0, and by Proposition 1:
where Σ 2 (S 0 ) = ±1, Σ (S 0 ) = 0, and Σ (S 0 ) = 0. So the (3 − 1) × 2 dual matrix of the coefficients
For the purpose, we also require the 2 × 2 matrix B to be non-singular, which always does. In fact, the determinate of this matrix at S 0 is
Since X = T, we have X = X+ΣG. Substituting these relations to the above equality, we have
This means that rank (B) = 2. This completes the proof. M : X = (cosh Θ, sinh Θ cos Φ, sinh Θ sin Φ) , (4.19) where Θ = ϑ + εϑ * , and Φ = ϕ + εϕ * are dual hyperbolic and spacelike angles with ϑ * , ϑ ∈ R, and 0 ≤ ϕ ≤ 2π, respectively. Moreover, let us consider X = X(t), t ∈ R corresponding to a timelike ruled surface M .Therefore, we have:
(4.20)
Thus, we get the Blaschke equations:
from which we obtain and the dual evolute B is given as follows:
According to Theorem 2, we have that the evolute of X = X(t) in H where Y 1 = y 1 − ϕ * . Since ϑ, and ϑ * are two-independent parameters, we can say that M is, in generally, a family of Lorentzian one-sheeted hyperboloids with two parameters, so it represents a quadratic timelike line congruence. The intersection of this timelike congruence and the corresponding spacelike planes y 1 − ϕ * = 0 is the one-parameter family of Euclidean circles y 
Conclusion
Mathematical techniques used the E. Study's map have been shown to be suitable for study dual hyperbolic invariants as applications of the singularity theory of smooth dual functions. Hopefully these results will lead to a wider usage of the geometric properties of the timelike ruled surfaces An analogue of the problem addressed in this paper may be consider for X(S) ∈ S 2 1 in the dual Lorentzian 3-space D 3 1 . We will study this problem in the future. Figure 2 
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